Abstract. The boundary integral equation (BIE) method was first proposed by Yan and Sakurai [2000] , which is used to extrapolate the nonlinear force-free magnetic field in the solar atmosphere. Recently, Yan and Li [2006] improved the BIE method and proposed the direct boundary integral equation (DBIE) formulation, which represents the nonlinear force-free magnetic field by direct integration of the magnetic field on the bottom boundary surface. Based on this new method, we devised a practical calculation scheme for the nonlinear force-free field modeling above solar active regions. The code of the scheme was tested both by the analytical solutions given by Low and Lou [1990] , and by the observed data of vector magnetograms in the photosphere. The calculated field lines above the active regions present the X-shaped structure as well as the S-shaped loops, which can be helpful for understanding the magnetic reconnection processes during solar flares.
Introduction
Both observations and theoretical analyses revealed that magnetic field plays an important role in the activity phenomena of solar atmosphere: moving plasma are confined to magnetic field lines, and magnetic field also provides the energy for solar flares and other eruptive phenomena [Masuda et al., 1994; Shibata et al., 1995; Tsuneta, 1996; Priest and Forbes, 2002; Lin et al., 2005; Schwenn, 2006] . To understand the physical mechanisms of these activities in the solar atmosphere, an important step is to find out the underlying structure of the magnetic field above the related active region. Currently, the direct measurement of the magnetic field in the solar chromosphere and corona is not as sophisticated as the observation in the photosphere. The commonly used method to understand the configurations of the magnetic fields above the photosphere is extrapolation: the fields can be reconstructed from a physical model in which the observed photospheric magnetic field is taken as a boundary condition. The force-free field model is often adopted for this purpose, since it is a reasonable approximation in the solar chromosphere and corona .
The nonlinear force-free magnetic field, with the field lines being everywhere aligned parallel to the electric current density, can be described by equations:
Equation (2) is the divergence-free constraint of the magnetic field. The force-free constraint (1) can also be written as
where α is a function of spatial location, usually called the force-free parameter or force-free factor. It is constant along each field line, which can be determined from the bottom boundary condition. Currently, several methods for nonlinear force-free field modeling have been proposed [Sakurai, 1981; Yan and Sakurai, 2000; Wheatland et al., 2000; Wiegelmann, 2004; Régnier and Amari, 2004; Valori et al., 2005; Yan, 2005; Wiegelmann et al., 2006; Yan and Li, 2006; Amari et al., 2006; Wheatland, 2006; Song et al., 2006; Schrijver et al., 2006] . As one of the techniques for nonlinear force-free field extrapolation, the boundary integral equation (BIE) method was first proposed by Yan and Sakurai [2000] . Recently, Yan and Li [2006] improved the BIE and proposed the direct boundary integral equation (DBIE) formulation, which represents the force-free magnetic field by direct integration of the magnetic field on the bottom boundary surface. Figure  1 shows the geometry for application of DBIE [Yan and Li, 2006] . On the bottom boundary surface Γ (infinite plane), the boundary condition is
where B0 denotes the known boundary values which can be supplied from vector magnetogram measurements. At infinity, an asymptotic constraint condition is also introduced to ensure a finite energy content in the semispace Ω above Γ,
where r is radial distance. According to the DBIE method, after a series of derivations by using the two constraint conditions (2)-(3) and the two boundary conditions (4)-(5), the magnetic strength at the field point (xi, yi, zi) in Ω can be represented by equation [Yan and Li, 2006] :
The reference function Y in equation (6) is chosen as
where
1/2 is the distance between a variable point (x, y, z) and the given field point
, as shown in Figure 1 . The parameter λ in equation (7) has the same dimension (reciprocal of length) as the force-free factor α, which is defined by equation
In the case of nonlinear force-free field, corresponding to Bi x , Bi y , and Bi z in equation (6), there exist three components of the reference function, Yx, Yy, and Yz, together with λx, λy, and λz defined locally at the given field point by equation (8). The values of the three components of λ are generally different [Li et al., 2004; Yan and Li, 2006; He and Wang, 2006] . Once the parameter λx, λy, and λz at the field point (xi, yi, zi) are given, the magnetic field Bi can be calculated by integration of the magnetic field on the bottom boundary surface through the DBIE formulation (6). Because it is costly to determine λ directly from the volume integral equation (8), Yan and Li [2006] devised an optimal approach to find the suitable λ values locally by using the DBIE (6) together with the force-free constraint condition (1). At the field point (xi, yi, zi), they defined an evaluate function as:
which measures the absolute value of sine of the angle between J and B. For any initial values of λx, λy, and λz, B at the field point and its neighborhood can be calculated by DBIE (6), then the value of fi(λx, λy, λz) can be obtained by equation (9). In ideal situation, the suitable λ values (denoted by λ * x , λ * y , and λ * z ) can be determined by
which is equivalent to the force-free field equation (1). In practical computing, one needs to find (λ *
A downhill simplex method can be employed to fulfil the task of equation (11) [Nelder and Mead, 1965; Yan and Li, 2006] . The computation of Yan and Li [2006] shows that, if the equation (10) is satisfied, the divergence-free constraint (2) can also be satisfied at the neighborhood of the given field point. This property indicates that the divergence-free constraint (2) has been involved during the derivation of the DBIE formulation (6).
We followed the main idea of the strategy proposed by Yan and Li [2006] , and devised the upward boundary integration scheme for nonlinear force-free field modeling. That is, while we take into account the whole boundary data information through the DBIE formulation (6), the parameter λ at a given field point can be determined locally through the force-free equation (1) or equation (10) with the help of only neighboring boundary data information. Unlike the original procedure of Yan and Li [2006] , our computation is carried out layer by layer upwardly. The procedure and techniques of the new scheme is described in section 2. The code of the scheme was tested by the analytical solutions given by Low and Lou [1990] , as well as the observed vector magnetograms of solar active regions in the photosphere. The results of the test calculations are presented in section 3. In section 4, we give the summary and discussion.
Upward Boundary Integration Scheme
In the original computational procedure proposed by Yan and Li [2006] , the equation (11) has better convergence property at field point with lower altitude. To take advantage of this property and avoid the increasing error at field point Figure 2 . The diagram to illustrate the upward boundary integration scheme for nonlinear force-free field modeling based on the DBIE formulation (6). The computation is carried out layer by layer upwardly, the field distribution at Γn+1 is calculated from the data of Γn. Figure 3 . The diagram to illustrate the calculation of J(∼ ∇ × B) in the small square pyramid between the field point i and the neighboring grid points at Γn. The height of the square pyramid is l and the side length of the square base is 2l, where l denotes the space between two consecutive grid points at Γn. Jx and Jy are calculated in two isosceles triangles respectively, Jz is calculated in the square base of the pyramid. with higher altitude, we devised a new scheme for nonlinear force-free field modeling based on the DBIE formulation (6), which we called the upward boundary integration scheme.
In the new scheme, as shown in Figure 2 , the computation is carried out layer by layer upwardly, from Γ0 (photosphere) to Γ1, then Γ1 to Γ2, and so on. In the original procedure of Yan and Li [2006] , the bottom boundary was fixed to the photosphere, while in our scheme, the bottom boundary for applying the DBIE formulation (6) is moved upwardly layer by layer. That is, we always calculate the field distribution at Γn+1 from the data of the new bottom boundary Γn. The step distance between the two consecutive layers is the same as the space between the two consecutive grid points at Γn (the scale of one pixel). Since Γn+1 is very close to Γn, the field points at Γn+1 are always at very low altitude relative to the bottom boundary Γn, then the equation (11) can achieve fine convergence property at every layer.
In the original procedure of Yan and Li [2006] , the values of fi and J in equation (9) are calculated in the infinitesimal neighborhood ±δ of the field point in x-, y-, and z-directions (small cubic volume surrounding the field point). The computing of the integration in DBIE formulation (6) should be done seven times (six sides of the small cube plus the field point itself) to obtain the value of fi and J. To reduce the loads of computing and fully utilize the boundary data information at Γn, in our scheme, we calculate fi and J in a small square pyramid between the field point i and the neighboring grid points at the boundary Γn, as shown in . The diagram to illustrate the application of the DBIE to an isolated active region. The observed boundary data of the active region are bounded in an finite square area. The field out of the square area at boundary Γ is considered to be zero. The cubic volume above the square boundary data area represents the output region of the code. . The diagram to illustrate how to fit expanding field at higher layers. The square area for the integration of the DBIE is enlarged gradually layer by layer. The pixel number of the square areas is fixed by resampling the grid points at all layers to save the computing time.
The height of the pyramid is l (distance between Γn+1 and Γn) and the side length of the square base is 2l, where l denotes the space between two consecutive grid points at Γn (the scale of one pixel). Given an arbitrary λ at field point i, to obtain the values of fi(λ) and J(λ) in equation (9), we only need to carry out the integration of DBIE (6) one time at the field point i to calculate Bi(λ), thus save the computing time as compared with the original procedure of Yan and Li [2006] . Once Bi(λ) is known, Jx, Jy, and Jz can be calculated in two isosceles triangles and the square base of the pyramid respectively as indicated by different colors in Figure 3 . Bo at the center of the square base, as shown in Figure 3 , is employed to complete the calculation of fi(λ). Then we can use equation (11) to find the suitable value of λ * . Once λ * is determined, Bi(λ * ) will be the final result at the field point i for the nonlinear force-free field modeling.
As described in section 1, the DBIE formulation (6) demands the bottom boundary Γ to be an infinite plane surface [Yan and Li, 2006] . Figure 4 illustrates how to apply the DBIE to an isolated active region. At the bottom boundary Γ, the observed boundary data of the active region are bounded in an finite square area. Out of the square area, the field at Γ can be considered to be zero. Then, in practical calculation, we only need to carry out the integration of DBIE (6) over the finite square area of the active region, while the bottom boundary Γ is still an infinite plane surface.
Considering the magnetic field may expand at higher layers, the square area for the integration is enlarged gradually layer by layer during the calculation (in present code, from Γn to Γn+1, each side of the square area expands one pixel), as illustrated in Figure 5 . Meanwhile, we keep the original pixel number of the square area by resampling the grid points at all layers to save the computing time. Thus the space between the two consecutive grid points at Γn as well as the distance between the two consecutive layers also increase gradually with height, as shown in Figure 5 . After the field distributions at a series of layers are obtained, the values of the magnetic field at other field points between the layers and grid points can be calculated through the technique of interpolation.
In practical calculation, the code reads the boundary data (vector magnetogram observed in photosphere) of an active region (square area, N × N array in the code), calculate the nonlinear force-free field distributions at all layers, and reform the grid structure to a regular form through interpolation. The output of the code is the field distribution in a cubic volume (by a regular grid with N × N × N array in the code) which is just above the boundary data area, as illustrated in Figure 4 . The current code is written in IDL programming language. The time needed for 64 × 64 × 64 output grid is about 13 hours on an 1.86GHz Intel processor. 
Results of Test Calculations

Low and Lou Analytical Solutions
Firstly, we test our code by the analytical nonlinear forcefree field solutions given by Low and Lou [1990] . The fields of the analytical solutions are basically axially symmetric. The point source of the axisymmetric fields is located at the origin of the spherical coordinate system, with the axis of symmetry pointing to z direction. By arbitrarily positioning the plane surface boundary Γ of DBIE in the space of the analytical fields, we can get different kind of boundary conditions prepared for extrapolation. Two cases are selected to test the validity and accuracy of our code, which are the same cases as used by Schrijver et al. [2006] . The parameters for Case I are n = 1, m = 1, L = 0.3, Φ = π/4, the parameters for Case II are n = 3, m = 1, L = 0.3, Φ = 4π/5, where n and m are the eigenvalues of the solutions, L is the distance between the boundary surface Γ and the point source (origin of the spherical coordinate system), and Φ is the angle between the normal direction of Γ and the z axis of the spherical coordinate system. In both cases, we calculate the field distribution in a cubic volume bounded by x, y ∈ [−1, +1] and z ∈ [0, 2] (x, y, and z are Cartesian coordinates defined locally on the boundary surface Γ), just as described in section 2 and illustrated in Figure 4 . The pixel numbers of the boundary data are 64 × 64.
The extrapolated field lines for Case I and Case II are compared with the theory solutions in Figure 6 and Figure   Figure 9 . Results of the field modeling for active region NOAA 9077. A vector correlation metric Cvec is employed to quantify the degree of agreement between the theory field B and the extrapolated field b as used by Schrijver et al. [2006] . Cvec is defined as
where Bi and bi are the field vectors at each grid point i. 
Observed Data of Vector Magnetograms
Secondly, we test our code by observed boundary data of solar active regions. Three vector magnetograms that were obtained by three telescopes respectively are employed for this purpose.
The first vector magnetogram for testing was observed by Solar Multi-Channel Telescope (SMCT), which is located at Huairou Solar Observing Station of NAOC (National Astronomical Observatories, Chinese Academy of Sciences) in Beijing. The number of the active region is NOAA 9077. The data was observed at 04:14 UT on 14 July 2000, just several hours before the Bastille Day event (X5.7 flare) at 10:24 UT. The original field of view of the magnetogram is 313 ′′ × 218 ′′ from a 512 × 512 pixel size CCD. We reformed the magnetogram to a square area (269 ′′ × 269 ′′ ) through cropping and interpolation, and reduced the pixel number to 64 × 64 (4.2 ′′ /pixel). The final magnetogram which is ready for the modeling calculation is shown in Figure 9a Figure 11d than in Figure  11c to make the shapes of the field lines more clear. 9b and 9c, we can see the compact loops with different orientations aligned over the neutral line, just as the compact loops observed by TRACE (Transition Region And Coronal Explorer) satellite during the X5.7 flare of the Bastille Day event. The open field lines together with the underlaying compact loops present a X-shaped structure as sketched in Figure 9d , which may imply the site of the magnetic field reconnection for the impulsive flare with compact loops [Masuda et al., 1994; Shibata et al., 1995; Priest and Forbes, 2002] .
The second vector magnetogram came from the Solar Magnetic Activity Research Telescope (SMART), which is located at Hida Observatory of Kyoto University. The number of the active region is NOAA 10808. The time of the observation is 22:43 UT on 11 September 2005. We cropped a square area covering the active region NOAA 10808 from the original full-disk magnetogram obtained by SMART, and reduced the pixel number to 64 × 64. The final magnetogram prepared for modeling calculation is shown in Figure 10a , the field of view is 299 ′′ × 299 ′′ with 4.67 ′′ /pixel. The extrapolated field lines are displayed in Figure 10b , 10c, and 10d. Also, the closed field lines are plotted in blue color, and the open field lines are in red color. Figure 10b gives the total 3-D view the field configuration, Figure 10c and 10d illustrate detailed structures of two local regions as indicated by two circles in Figure 10a . In the region marked by "C", we can see high arcades configuration above the neutral line, while in the region "D" with isolated negative polarity, the closed field lines are constrained at the very low layers.
The third vector magnetogram used to test the code is the observation of the Solar Flare Telescope (SFT), which is located at the Mitaka campus of NAOJ (National Astronomical Observatory of Japan). The number of the active region is NOAA 10484. The vector magnetogram was obtained at 23:34 UT on 23 October 2003. The original field of view of the magnetogram is 340 ′′ × 320 ′′ with 256 × 240 pixels. We reform the field of view to 340 ′′ × 340 ′′ (square area) through interpolation, and then reduce the pixel number to 64 × 64 (5.3 ′′ /pixel). The final magnetogram used by the code is shown in Figure 11a . Figure 11b , 11c, and 11d present the results of the extrapolation. Closed field lines are in blue color, and open field lines are in red color. Figure  11b shows the field lines at the very low layers. We can see the high-sheared compact loops aligned along the neutral line. Figure 11c gives the total 3-D view of the field configuration, and Figure 11d only illustrates the closed field lines. Fewer field lines are plotted in Figure 11d than in Figure  11c to make the shapes of the field lines more clear. It can be found that the orientations of higher loops is different than the orientations of lower arcades, also many field lines in the central domain are in S-shaped structure because of the strong-sheared field distribution in the photosphere.
Summary and Discussion
Based on DBIE formulation (6), we devised the upward boundary integration scheme for the nonlinear force-free field modeling. In this scheme, the computation is carried out layer by layer upwardly as shown in Figure 2 . While we take into account the whole bottom boundary data information at Γn through the DBIE formulation (6), the suitable value of parameter λ at a given field point at Γn+1 can be determined locally through the force-free constraint condition (11) with the help of only neighboring boundary data information at Γn, as shown in Figure 2 and 3.
The main techniques in the code of the scheme include: the bottom boundary for applying the DBIE is moved upwardly layer by layer to achieve the best convergence property and accuracy, as shown in Figure 2 ; the parameter λ at a given field point is calculated in a small square pyramid (sketched in Figure 3) to fully utilize the boundary data information at Γn, and thus save the computing time; the square area for computing the integration of DBIE (6) is enlarged gradually layer by layer to fit the expanding field, at the same time, pixel number of the square areas is fixed by resampling the grid points at all layers to save the computing time, as illustrated in Figure 5 .
In some circumstances, especially in the case of |J| or |B| approaches to zero in equation (9), equation (11) may fail to achieve an convergent result. It appears as some isolated singularity points in the raw data of Γn+1, which can be eliminated by smoothing processes with the help of nearest grid points in x-, and y-direction.
We employed the same code of downhill simplex method as used by Yan and Li [2006] to perform multidimensional minimization of fi in equation (11). The initial starting point of (λx, λy, λz) for the downhill simplex method is selected as (0, 0, 0) in our code. The characteristic length scale of λ in the downhill simplex method is specified as the maximum absolute value of force-free factor α at the boundary surface Γ0 (photosphere), because λ and α have the same dimension (reciprocal of length) and the same order of magnitude [Li et al., 2004; Yan and Li, 2006; He and Wang, 2006] . For Case I and Case II in section 3.1 (analytical solutions), the maximum absolute values of α are 11.3 and 11.1 (13) and (14) respectively. The two curves were calculated based on the extrapolated field of NOAA 10808, as shown in Figure 10 . The unit of magnetic field is Gauss and the unit of length is one pixel (∼ 3405 Km).
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respectively. If we adopt one pixel as the length unit (with 64 × 64 grid), as in our code, the values are 0.353 and 0.347. For the data of active regions observed in the photosphere, we choose the maximum possible value of α (characteristic length scale of λ) as 10 × 10 −8 m −1 [Pevtsov et al., 1995] . Also in our code, the length unit is one pixel, for the common active regions with field of view 300 ′′ × 300 ′′ and pixel number 64 × 64, the characteristic length scale of λ becomes 0.342, which approximates to the values used for Case I and Case II of analytical solutions.
The test calculations by using the observed vector magnetograms of active regionss in section 3.2 demonstrate that the DBIE formulation (6) and the upward boundary integration scheme are suitable for the nonlinear force-free field modeling above solar active regions. Only the bottom boundary data in the photosphere are needed in the calculations, and the integration over the whole boundary in DBIE formulation (6) can effectively overcome the influence of the noises in the boundary data to the convergence property of equation (11). From the corona images observed by X-Ray telescope, it can be found that the field lines above an isolated active regions are usually confined in the local area. In this situation, the code of our scheme can give fine results at higher layers, as shown in Figure 9 , 10, and 11. But in the case of analytical solutions of Low and Lou [1990] , the field lines present global configurations [Low and Lou, 1990; Wang and Sakurai, 1998; Li et al., 2004; He and Wang, 2006] . Because we only use the finite boundary data, the extrapolated fields and the theory solutions get the best agreement at the lower layers and in the central domain, as shown in Figure 6 -8.
To check the extent to which the extrapolated fields satisfy the force-free constraint condition (1) and divergence free condition (2), we calculated the integral measure L f of the Lorentz force and L d of divergence of the fields, as used by Schrijver et al. [2006] . L f and L d are defined by equations:
We calculated L f and L d at each layer, Figure 12 gives a sample of the results, which is based on the second case in the section 3.2 with the vector magnetogram observed by SMART telescope as shown in Figure 10 . Figure 12a is the curve of L f vs height, and Figure 12b is the curve of L d vs height. Both the curves show that the measures L f and L d decreased rapidly with the increase of height, which indicates that the force-free constraint condition (1) and divergence free condition (2) are well satisfied in the calculated field. The further and more important step to verify the reliability of the code is to compare the extrapolated field configurations with the simultaneous corona structure observations by X-Ray image telescope [Wang et al., 2000 [Wang et al., , 2001 . The data obtained by Hinode (Solar-B) satellite will be very suitable for this purpose. The field configurations in Figure 9 , 10, and 11 show some clues to the magnetic field reconnections, such as the Xshaped structure in Figure 9 , the high arcades above the neutral line in Figure 10 , and the sheared S-shaped loops in Figure 11 , which can be helpful for understanding the magnetic reconnection processes during solar flares. Moreover, the BIE/DBIE method can be applied to the case with spherical surface boundary [Li et al., 2004; Yan, 2005; He and Wang, 2006] . By using the full disk observations of vector magnetograms, it is possible to generalize the upward boundary integration scheme to study the large scale structure of coronal magnetic field with spherical surface boundary, and its relationship with the Coronal Mass Ejections (CMEs).
